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The one-dimensional motion of an ideal gas is considered under the action of a distri-
buted pressure, specified according to a power law as a function of mass p = pem™,
where 7> 0. Problems concerning dispersion and symmetrical motion are studied, These
problems are formally self-similar for any exponent I. However, when !> 1 ,the sys-
tem of ordinary differential equations obtained has no solution which satisfies the given
boundary conditions, This is due to the fact that in this case,in the vicinity of the point
m = 0, infinite energy is concentrated, If it be assumed finite by changing the normal
pressure distribution in the vicinity of m = 0, such a problem is not self-similar but
within the limit ¢ — oo it tends asymptotically to a self-similar solution with an expo-
nent, which corresponds in the case of dispersion, to the problem of a concentrated shock
[1, 2], For the problem of symmetrical motion, the exponent is always equal to unity
and is independent of the initial distribution with I > 1.

For the case ! <1, the problem has a self-similar solution for any exponent I < 1.
It should be noted that in the case of I = 1, the same self-similar exponent is obtained
as in the problem concerning a two-dimensional explosion [3], The main attention is
paid below to the case when ! <{ 1. The results of the investigation are presented in the
form of graphs, In certain cases, an exact analytical solution has been successfully found
for the equations of self-similar motion, The assumption concerning the outcome in a
self-similar solution for ! > 1 is verified by numerical integration of the initial equa-
tions in partial derivatives,

1, Suppose we have an ideal gas with equations of state
p = RpT, = plly — )p (1.9)

where p is the density, T the temperature, p the pressure and ¢ the internal energy ;
R and vy are the gas constants, For ¢ = () the gas is at rest,

u (0, m) =0 (1.2)
the initial density is constant, P = Py, and the pressure is given by the power law
p(0,m)=pom™  (, po= const >0) (1.3)

where m is the mass coordinate, We shall examine the problems of;
dispersion, when for £ = O the gas is contiguous with a vacuum

m = 0, p(0,t) =0 (1.4)
and symmetrical motion with center at the point m = 0
m =0, u(@©,1t =0 (1.5)

The motion of the gas is described in Lagrangian coordinates by the system

a 1 ou du dp de L
DA o B o0, tpg—t =0 (16)

The conditions in the shock wave have the form
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P (D — uy) = po (D — uy), Pt o (D — ux)z‘ = po + po (D — w)*
81"302_;‘(P1+ Po) (}%‘“‘é} (1.7)

where £ is the shock wave velocity, the subscript zero refers to the state ahead of the
wave front and the subscript unity refers to the state behind the wave front,

We introduce dimensionless functions by the formulas (1.8)
p=(r—1) A pm (@), p=pd(a) u=VAr(r—1) /()
2mi~2+)

= = (2N 4 — A (1.9
T VTa—DAe Po (z )T [Apo (v — 1)] 1.9

Substitution of (1, 8) and (1, 9) into (1. 6) and (1.7) gives a system of ordinary differ-
: . 1 t
ential equations sy — ad’ =0, ocZ_;' an - TZQ
—ynd’ + dn’ = —Inb/o (1.10)
with the following conditions in the shock wave

8 (@ — &) = 8 (@ —Lo)y 77y + 8 (@ — L)? = v + 8 (@ — §o)?

143 g . '}'——1 1 1
U Tl (M’F“o)(‘&‘—@;} (1.11)
The latter equation of system (1. 10) can be integrated [3] and we obtain
& = kalirally (1.12)

where % is the constant of integration, Using Eq, (1,12), we transform system (1, 10)
into the form

k , 1 Fi z )
o \1; (..‘-‘TL_}_,_E_a(t—v)/vﬂ(M)/vg), g:___l,_(\ -t —2~> (4.13)

I' = & — koa(=tVy gOy+/y

Following [4] we introduce the new variables IT and Z

vy el v
t=a ¥ [I¥1Z, = ¥ Iyt (1.14)
System (1, 13) then reduces to the following:
o al_ _ — 42—l + 1) RIZ 4 @2 — ) kI (1.15)
da 11—kl
dZ  — Uy 4+l +2) Z— kZ + Yolyk1 Z}
@ T T— I

Dividing one equation by the other, we obtain

[ 92 _ =y 2) 2 — KIZ 4 YalykDLZ? (1.16)
dl = T F2)— A (v + D FIZ + @—1x) k1T :

2, In the case of dispersion of the gas into a vacuum, the structure of the solution

will be as followss for £ > O the whole mass of gas is attributed to the motion, except
for a point at infinity where, naturally, we set

u (o0, ) =0 @2.1)
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The gas-vacuum boundary moves into the vacuum with infinite velocity, A shock
wave arises in the gas which propagates through a perturbed background,
Let us set the boundary conditions for Eq, (1., 16), First of all, we consider the condi-
tions at infinity (2,1). We note that
p = pom~a'm (a), u = (Ypo)hm AL (o) (2.2)
follows from Eqs, (1. 8) and (1. 9).
Hence, with a fixed value of m and ¢ — 0 , the initial conditions (1.2) and (1.3)
should be valid; therefore
a—>oco, ahf(a)->0, an(a)—>1 (2.3)
From (1.14) we obtain
Holv2 > 1 for & ~> oo (2.4)
We shall show that the point
I=0, Z =2U(l+ 2y (2.9)
must correspond to conditions at infinity,
On the basis of (2. 4), the boundary condition for (1.16) lies on the coordinate axis
IT = 0, but as the axis II = 0 is the solution of Eq, (1,16), it cannot be the required
solution and then the starting point will be singular, i, e, the solution intersects the
straight line I1 = 0. Equation (2. 5) and the point
=0, = oo (2.6)

will be singular points belonging to the axis II = 0.

The latter cannot be the starting point, It is clear from physical considerations,
that in the vicinity of the point (2. 6), the functions Il and Z are positive (cf, Eq, (1.8)
and (1.14)). It is easy to show that Eq, (1.16) has an entire set of solutions for II> 0
and Z> 0, emerging from the point (2. 6)

I =CZ"2%4 ... (2.7)
where (' is some constant, However, in this case we have
t =G + ..,

in the vicinity of the point being considered,

This contradicts the condition {a~'4! — 0 for @ — oo from Eq. (2. 3), Therefore,
the unique point (2, 5) corresponds to the conditions at infinity in the variables Il and
Z 1t has the nature of a saddle and the required solution has the following expansion:

3t 428 21
= — gy (= gy ) + (2.8)

8, We shall consider condition (1,4) at the gas-vacuum boundary and we shall show

that in the variables II and Z , a singular point with the coordinates

I, =0, Zy=— o 3.0

corresponds to this condition.
We shall find also the expansion of the solution in the vicinity of (3.1).
Let us suppose that II, and Z, are finite values for @ = 0. The equations for deter-
mining I, and Z, follow then from (1.14) and (1,13)
—l g -t fnz
—arng )= 5 5 e

— Tan Zott —#lle) = 5 g o
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Solving the latter, we have

, s 4 _ 42
Alto= % M=) BlZo=sriguey )

For the point B with I — 2y <C0 we obtain Z,> 0, and therefore this point must
be discarded, as it follows from (1. 14) that Z; <0 fora = 0.

The point 4, just as point B, is singular for Eq, (1. 16), Its character of singularity is
a saddle, The separatrixes of the saddle have the expansions

1 2 1 / 2
H:T+M(Z+T>+..., nzT.w,sz&\ZjLT)jL... (3.2)
Substituting (3, 2) into (1, 15), we obtain
I={+ 2)na +C (3.3)

This contradicts the assumption that IL; is finite, Consequently, the point 4 also should
be discarded, There remains the unique point (3, 1), which, in fact, corresponds to the
gas-vacuum boundary, The expansion of the solution in its vicinity has the form

M= _ _27*];_’ 21__}_ L 7 = Cathte=n L . (3.4)
g ~ a~ e, T~ o /i) -1 (3‘5)

A further set of integral curves (2, 7) results from (3, 1), for which 7t ~ a™; this how-
ever, for /> 0, contradicts the boundary condition (1, 4). Therefore, the unknown solu-
tion is represented by the expansion (3.4), It can be seen from (3. 5) that the gas flows
out with infinite velocity, The behavior of the integral curves in the vicinity of (3.1)
is shown in Fig, 1.

Y

\

LT

Fig. 1 Fig, 2

4, We shall describe the method for the construction of the solution. From the fore~
going, the solution must lie in the upper half-plane of II > 0 (Fig, 2) and it must pass
through the singular points € and E. It is obvious that in moving along the curve CD
from point € to point D , the parameter o must decrease, However, this will occur so
long as II< k1. Consequently, it is not possible to construct a continuous solution and
it is necessary to use the conditions in the shock wave (1,11) in order to arrive at
point E ,starting from point € . From the conditions in the shock wave we have Z; 2> 0
and therefore the solution further must pass through the singular point 4.

The constant k occurring in Eq, (1.16) will be different for different sides of the dis-
continuity, It follows from condition (2. 3) that ahead of the shock wave front & = 1.
Further construction of the solution consists in choosing the location of the shock wave
front, defined by the value of o. The latter must be selected so that the point (Il3, Z1)
obtained from (1, 14) and from the conditions in the shock wave (1,11) and (1, 12)should



Motion of a gas with a specified three-dimensional pressure distribution 17

lie on the separatrix D4, The five unknowns a, &3, 8;, m; and 4y, generally speaking, are
defined from the three conditions (1, 11), relation (1,12) and the condition for passage
of the integral curve through the singular point 4.

Numerical integration of Eq, (1, 16) is carried out over the interval 0 < I <C 1,and at
the point (2, 5) the expansion (2. 8) is used, When the function Z == Z (II) is defined, the
solution of the first equation of system (1.15) is found in the interval a, < a <o, taking
account that the point (o = oo, II == () is singular and the unknown integral curve has
the asymptotics (2,4). Then, by formulas (1.11),(1.12) and (1. 14) we compute succes=

sively

— ,
Lo == o (Y- I-0Itrs1) [T ¥itvil) 7 1= 502:‘___-? . g = o G- HOYI(YH)

gt/ e I 2 — 8=l
A R Lt g e 1 e

-y, 2r 2 -2v)yy (v+1)y
nl_nol+7+1+750<§o a)?, hi=a ) @)
2y = o+1-¥) (1) I, Y/ b

The curve II; (Z,) obtained should intersect the separatrix EAD, also defined numer=
ically, for a certain value of the parameter a;.

B, Let us consider the case I 2> 1. We note that intersection is not always possible,

2510° 12 This implies that the formulation of the prob-
k $ lem does not have a self-similar solution, We
PN z) 42 a8 shall prove this for I = 2 and y = 1.5.
X { ,} In the particular case when [ = 2 (y — 1)/
a1 \J / o4 /{2 — v) , the separatrix DA can be defined
] g - analytically
g -7 1
oz o s 1’-3/ D= ;U2 —=/y—(—1Z G
-4z : 7] i 0% The integral curve €D for I = 2 will be the
e \@ ) straight line Z==1/y. For I==2 and y=1.5 we
- '#’. 6}
~N & have a = (1 + Ys Do)y,
261" -12 By formula (4, 1) we obtain a certain curve
Fig. 3 A = m o — 6/k (3 — 2aliw 1)

which is plotted in Fig. 3. It can be seen from

the graph that it does not intersect the axis A = 0 and, therefore, for y = {,5and I =2,
there is no self~similar solution for the problem being considered,

In order to explain the physical essence of the solution obtained in this case, we deter-
mine the total energy of the system at ¢ = 0

Po mi-!
(r—1Dpe 1—1 1o

We find that it is infinite ; the integral diverges at the point m = 0for > 1 and at

= oc for | < 1. We also infer that if 1> 1, then a finite gas mass has infinite energy
for some fixed mq, while a gas of infinite mass (m > mq) has finite energy, In this case
an infinite amount of energy is concentrated at the boundary between the gas and a
vacuum, If we assume that this energy is finite, e, g. by setting

p = pomot  (m < my), p=pgnt (m>mg) (.3)

0

Eo= (5.2)
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then the problem is no longer self-similar, The self-similar solution onto which the
problem will emerge is not readily apparent in advance. It might be some solution of
system of ordinary equations (1.15), But, as we showed in the case y = 1.5, [ = 2, such
a solution does not exist, Numerical calculations by a difference procedure [5] carried
out for initial partial differential equations (1, 6) indicate a fairly rapid emergence onto
a selfesimilar solution with an exponent equal to that of the concentrated shock problem
ok

The dependence of the coordinate of the shock wave front on time is plotted in Fig, 4
fory = 1,4 and I = 2, The solid line denotes the wave front in the self-similar prob-
lem of concentrated shock through a cold gas (I = 4/, see [6]), and the points refer to
the results of numerical integration of the non-self-similar problem with (5, 3) for { = 2
and y = 1.4, g ] 2.4

. e ) 1 g
/ 7 0
S /
/ 7

4‘:&”««_.4 0.2
—0

~
h\m

~0.2
y 7 :
7 [ s | =
/ 28 / WEo | g6
P ——] *
f , —1.0
x |
| Logm ok
0 ; p ¢ 28 16 24
Fig. 4 Fig. &

8, The case ! <{ 1. The problem is self-similar for this distribution of the initial
pressure, Curve 2 in Fig, 3 intersects the axis A = 0. The method for constructing the
solution is shown in Sect, 3,

With { = 2(y — 1)/ (2 — y) , the solution behind the shock wave front can be written
in the finite form

n .
== ~‘6::~ o, =k (3’(1}'@1)1‘/\' al@ (6.1}
1 2—y m
— Uy o m (D) T
&= (mjo) " gy ¢ T W

The solution ahead of the front is obtained as a result of numerical integration of
Egs, (1,15) and (1.16), It is shown for y = 4,2.and { = 0.5 in Fig, 5, At the shock wave
front, the corresponding parameters of the problem have been obtained as

oy = 1.56, 8, = 1.09, &6, = 2.19, 1, = 0.892
= 2.08, [, = 0.243, §, = 0.886, & = 0.988

It can be seen from Fig, 5 that the maximum values of the density, velocity and pres-
sure are achieved at the shock wave front, The compression in the shock wave is found
to be significantly below the limiting value, which is equal 10 11 fory = 1.2,

7. Let us consider the symmetrical motion of a gas, This problem admits generaliza~
tion in cylindrical and spherical geometry, We shall investigate the point corresponding
to the plane of symmetry m = 0. The boundary condition (1, 5) assumes the form

a =0, =20 (7.1)
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If we assume that the pressure in the plane of symmetry is nonvanishing, it follows
7.4 from Edq. (1.14) that
0,
e / z=Y.,  z@=0=0 @12

n

4
V/ and, likewise, when 2y — I> 0

16 Ma=0)=o (7.3)
i

Therefore, in the plane IIZ, the point

/ = Z=0, T=o (1.4
r 7 ] corresponds to the boundary condition,
/ This singular point is a node, It can be shown
P C4o that the required solution is a curve intersec«
ting a set of integral curves at the singular
08 143 o point, The expansion of the solution for [ <<%
Fig, 6 has the form
O=1Uk(y—)UZ+.. (1.5
As in the case of the dispersion problem, the solution here can be constructed for
1< 1. 1f I = 1, then behind the shock wave the solution is written in finite form, as
the curve =2k —1)Z @2 —vZ) (7.6)

is the solution (1,16), Knowing (7. 6), Eq. (1.15) can be integrated, For I>> 1, there is
no solution for the self-similar problem, If, however, the normal pressure distribution
(5. 3) is taken as the initial distribution for [>> {1, this problem emerges as a self-similar
solution for # ~» oo, corresponding to the two~dimensional explosion problem [3] with the
self-similarity exponent [ = 1. Fig, 6 shows the solution for y = 1.4 and I = {.5.
A shock wave is propagated through the perturbed background and the maximum values
of velocity, density and pressure are attained in it, In the case whenm = 0, the pressure
is finite and the density is equal to zero,

The author thanks R, A, Zhilin and M, P, Bronnikov for contributing assistance in the
numerical integration of equations (1,15) and (1, 18).
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